Transitions of an atom under the effect of a Gaussian potential and loose spherical confinement are studied. An accurate Bernstein-polynomial (B-polynomial) method has been applied for the calculation of the energy levels and radial matrix elements. The transition probability amplitudes, transparency frequencies, and resonance enhancement frequencies for transitions to various excited states have been evaluated. The effect of the shape of confining potential on these spectral properties is studied.
Introduction
Two-photon spectroscopy has been a valuable tool in the case of atomic and molecular systems, as it provides vital tests of the physical theories in addition to providing a ground to evaluate accurate values of some fundamental constants [1] [2] [3] . Recently, two-photon and three-photon absorption processes have attracted much attention in the case of semiconducting heterostructures such as quantum wells, wires, and dots [4] [5] [6] [7] and atoms and ions confined in a plasma environment [8] [9] [10] [11] . Two-photon and multi-photon absorption in these structures have many potential applications, such as in photonics and in the separation of signal and probe photons [12, 13] . The two-photon atomic transitions in hydrogen-like systems have been calculated by Amaro et al. [14] by solving the Dirac equation (relativistic case).
In addition, these processes provide an important tool for bioimaging applications [15] [16] [17] . As reported by Achtstein et al. [4] , two-photon imaging enables deep tissue penetration. As in the case of atoms, two photon absorption (TPA) is often used for probing the electronic states of these quantum structures [18] . There have been experimental studies on these aspects of TPA, particularly in the case of atoms as impurities in quantum heterostructures [19] [20] [21] [22] . Dakovski and Shan [5] have recently studied the size dependence of TPA in the case of spherical quantum dots. TPA in the case of quantum heterostructures is found to be enhanced as compared to bulk material. Lad et al. [23] have shown that TPA in ZnSe and ZnSe/ZnS quantum dots is three magnitudes higher than that of bulk material. Also, CdSe quantum rods have been shown to exhibit four times larger TPA as compared to quantum dots of the same mass [24] . Similar studies have recently been initiated with much vigor in the case of atoms and ions confined in a variety of plasma environments and other confinements [25] [26] [27] [28] [29] [30] [31] [32] [33] [34] [35] [36] . Some works on two-photon transitions in atoms or ions employing the Ion-Sphere model [37] for strongly-coupled plasmas were also reported in the literature [34, 38, 39] . The confinement produces many striking changes in the spectrum of the confining system, such as the phenomenon of continuum lowering and the polarization red shift [3] . In particular, the Gaussian confinement causes drastic changes in the physical properties of a confined atom [26] . The Gaussian confining potential has many applications in modelling of the atoms and molecules confined in a cage of carbon [40] . The purpose of this work is to investigate the effect of Gaussian confinement on the TPA process. In the present case, the system is assumed to be under the effect of loose spherical confinement as well, with the confinement radius set at r 0 = 50 a.u. To the best of our knowledge, this is the first study of its kind. In the following section, the theoretical method employed to calculate the spectrum of the present system is described, and the TPA process is discussed. This is followed by discussion of the obtained results.
Theory
A hydrogen atom under the effect of Gaussian potential is considered. The atom is supposed to be confined spherically with impenetrable walls, such that the wave functions vanish at the boundary r = r 0 , where r 0 is assumed to have a fixed value of 50 a.u. This is the case of loose spherical confinement as discussed in earlier texts [25] [26] [27] [28] [29] [30] . The energy spectrum and dipole matrix elements of the system have been evaluated by solving the corresponding radial Schrödinger equation with the aim to study the two-photon spectra which refers to the excitation process generated by the simultaneous absorption of two less-energetic photons under sufficiently intense laser illumination. This nonlinear process can occur if the sum of the energies of the two photons is equal to the energy gap between the ground and excited states of the system. The important spectral properties, viz., two-photon transition probability amplitudes (D 2 ), transparency frequencies (ω t ), and resonance enhancement frequencies (ω r ) [41, 42] have been calculated. The variation of these properties with the Gaussian confinement parameters V 0 and σ has been studied. Optical properties like oscillator strength and polarizability had been calculated for a hydrogen atom under the effect of Gaussian potential and loose spherical confinement in our earlier work [26] . The method used for solving the Schrödinger equation is based on Bernstein-polynomials (B-polynomials) and is detailed elsewhere [29] [30] [31] [32] 43, 44] . Only the basic outline of the approach followed for the present work has been mentioned in the following text. Atomic units have been employed throughout this study.
The radial Schrödinger equation for the electron of the Gaussian confined hydrogen atom is given by
where V 0 represents the depth of potential, σ is a measure of the width of the potential, and V c (r) is the confinement potential, defined as
The radial wave function R n,l (r) = U n,l (r)/r. U n,l (r) is expanded in B-polynomial basis as
where c i s are coefficients of expansion and B i,n (r) are B-polynomials of degree n. The radial Schrödinger Equation (1) can be reduced to a symmetric generalized eigenvalue equation in matrix form, given by
where D is the overlap matrix. The eigenvalues E provide the energy levels, and eigenvectors C are used to calculate the corresponding radial wave functions using Equation (2) . The standard Fortran EISPACK library has been used to solve Equation (3). The two-photon transition probability amplitude, D 2 , of a hydrogen atom from initial state 1s to final state js is evaluated using [9, 45] 
where n represents the intermediate states including continuum, E 1s and E js are the energies of 1s and js states, respectively, and χ n 1s and χ n js are the dipole matrix elements evaluated using the expression
where R l (with l = n, k) is the radial wave function. The corresponding transition probability amplitude for 1s to jd state is calculated using
The incident photon frequencies lying in the interval ∆E i f /2 and ∆E i f , where ∆E i f is the difference between final and initial (1s) state energies, and for which D 2 approaches infinity, are defined as the resonance enhancement frequencies [9] . The frequencies for which transition amplitude vanishes are the two-photon transparency frequencies [9] . The data for the transition probability amplitudes calculated using Equations (4) and (6) for different confinement conditions reflect the corresponding transparency and resonance enhancement frequencies.
Results and Discussion
The effect of the Gaussian confinement parameters V 0 and σ, representing well depth and width, respectively, on the two-photon transition probability amplitudes for a hydrogen atom confined in Gaussian potential is explored. The atom is assumed to be confined within an impenetrable spherical boundary of radius r 0 = 50 a.u. This constitutes a loosely-bound system as mentioned in Section 2. This fact has also been established by performing the calculations for r 0 = 40 a.u. Some of the corresponding results have been presented at the end of Section 3. The probability amplitudes from 1s to js (j = 2,3, 4) and jd (j = 3, 4) states have been calculated using Equations (4) and (6), respectively, for different incident photon frequencies that are assumed to lie in the interval ∆E i, f /2 to ∆E i, f . This range of frequencies is a function of both V 0 and σ, since the calculated energy spectrum is dependent on these parameters [26] . The selected range is found to shift towards higher frequencies with an increase in both V 0 and σ. As a check on our calculations, we have matched some of our results with those available in the literature for the case of a free hydrogen atom. The values of |D 2 | calculated in the present case for V 0 = 0 have been compared with those reported by Paul and Ho [45] in Table 1 .
Figures 1-5 depict the variation of the probability amplitudes with V 0 and σ for 1s → 2s, 1s → 3s, 1s → 4s, 1s → 3d, and 1s → 4d transitions, respectively. In order to demonstrate the effect of these parameters, only two values of V 0 and σ have been selected for pictorial representation of the results. Our results should be experimentally relevant, since the range of values of the Gaussian confinement parameters selected for studying the two photon processes in the present work approximately overlaps the range of values taken by Nascimento et al. [40] . In Figures 1-5 , the panel on the left corresponds to σ = 1 a.u. and the panel on the right corresponds to σ = 5 a.u. The top panel corresponds to V 0 = 0.2 a.u., whereas the bottom panel corresponds to V 0 = 0.4 a.u. From this graphical representation of two photon transition probability amplitudes, the nature of the curves is, in general, found to depend on both of these parameters. The resonance enhancement feature is easily discernible from these curves. It is evident from Figures 1-5 that with an increase in either V 0 or σ (keeping the other parameter fixed), the resonance enhancement frequency is more sharply defined. In other words, the linewidth of the resonance curves, signifying the means of determining the lifetimes of resultant states, is a function of the confinement parameters. For example, the resonance at ω 0 = 1.5 a.u. in Figure 3d is rather narrow, whereas one at ω 0 = 0.85 a.u. in Figure 4a is comparatively broad. Figures 1-3 show that for 1s → js transitions, the number of resonance enhancement frequencies is more for higher values of σ for fixed V 0 . For example, for 1s → 3s transition, there is only one such frequency for σ = 1 a.u. as compared to two for σ = 5 a.u. for both values of V 0 . An opposite trend is seen in Figures 4 and 5 for 1s → jd transitions. It may be mentioned that similar results have been obtained in the context of spherical confinement for a hydrogen atom under Debye potential [46] .
Based on the calculated two-photon transition probability amplitudes for V 0 varying from 0.2 a.u. to 1 a.u. and σ from 0.2 a.u. to 5 a.u., the data for two-photon transparency and resonance enhancement frequencies has been tabulated. The transparency frequencies are presented in Table 2 and resonance enhancement frequencies in Tables 3 and 4 . The features of transition probability amplitudes discussed above with reference to Figures 1-5 are apparently in consonance with the results presented in Tables 2-4 . The data in Tables 3 and 4 also suggest that the positions of the resonance enhancement frequencies shift with change in Gaussian confinement parameters. This fact is related to the changes in the obtained energy spectrum or the bound states. The shifting pattern is observed to be largely similar for the transparency as well as the resonance enhancement frequencies. Table 4 . Two-photon resonance enhancement frequencies for various potential widths and depths. The data is in atomic units. A spectrum of energy states has been shown in Table 5 in order to make the interpretation of TPA data easier. This table includes the results for V 0 = 0, which corresponds to the case of free hydrogen. The energy levels for V 0 = 0 are found to be in agreement with those given by Paul and Ho [45] for λ D = ∞. The two-photon absorption coefficients |D 2 | 2 , which make the study of TPA more comprehensible and relevant to experimental results, have also been calculated and presented in Figures 6 and 7 for the transitions 1s → 3s and 1s → 3d, respectively, for a better understanding of the results. As can be seen from the figure, the absorption peaks shift with change in any of the Gaussian confinement parameters-i.e., σ or V 0 . We understand that this shifting of peaks is due to a change in the energy spectrum of the system, as the energies and corresponding matrix elements vary with both these parameters. Figures 8 and 9 show the variation of absorption coefficients for 1s → 3s and 1s → 3d transitions, respectively, for r 0 = 40 a.u. The pattern observed in these figures is nearly same as in Figures 6 and 7 for r 0 = 50 a.u. Also, we do not expect much change for r 0 = 60 a.u. This refers to the fact that the boundary would not influence the absorption significantly, as r 0 changes from 40 to 60 a.u. This range of r 0 therefore corresponds to a loosely spherically-bound system. However, changing r 0 to small values, say, 10 or 5 a.u., will have a significant effect on the energy spectrum and hence all other properties of the system (not presented in this work). 
Conclusions
The two-photon transition processes of a hydrogen atom confined by a Gaussian potential have been investigated. The dependence of two-photon transition probability amplitudes, transparency frequencies, and resonance enhancement frequencies on confinement parameters has been explored. With an increase in the depth of Gaussian confinement, more frequencies correspond to resonance enhancement. With an increase in well width, the number of resonance enhancement frequencies has been found to increase for 1s → js, (j = 2, 3, 4) and decrease for 1s → jd, (j = 3, 4) transitions.
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